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Recap Last Week

Last Week

• Optimization-based planning (KOMO)

• Comparison of Search, Optimization, and Sampling

• Hybrid approaches

Today

• Multi-robot motion planning

• Planning with manifold constraints
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Multi-robot navigation
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Multi-robot welding
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Multi-robot assembly
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Coordination of drones
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Multi-robot planning

Multi-robot planning: Coordinate motion of multiple robots acting in the same

environment.
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Multi-robot planning

Central idea: Multi-robot planning is just planning in the composite con�guration space.

Robot state spaces X1;X2;X3, Composite space X = X1 � X2 � X3.

How to adjust primitive methods?

• Sampling

• Interpolation

• Propagation/Steering

• Collision-Checking
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Multi-robot planning

Computational complexity is exponential in the number of dimensions.

John Canny, "The complexity of robot motion planning", 1988 [1]
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Multi-robot planning

Goal

Find decompositions of the composite configuration space to make multi-robot planning

more efficient (while keeping completeness/optimality).
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Multi-robot planning: Taxonomy

ˆ Are your robots identical? (Homogeneous vs Non-Homogeneous)

ˆ If homogeneous, are the goals interchangeable? (Labeled vs Unlabeled)

ˆ Who controls your robots? (Centralized vs Decentralized)

ˆ What kind of cost do you want to minimize?
ˆ Makespan (last arrival time)
ˆ Flowtime (total arrival time)
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Multi-robot planning: Taxonomy

ˆ Homogeneous planning
ˆ Pebbles on a graph
ˆ Con
ict-based search

ˆ Non-Homogeneous planning
ˆ Prioritized planning (vertical)
ˆ Decomposed planning (horizontal)
ˆ M*
ˆ dRRT/dRRT*
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Homogeneous Planning



Homogeneous planning
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Homogeneous planning

Also called Multi-agent path �nding (MAPF)

ˆ All robots are identical

ˆ All robot state spaces are identical (modulo robot-robot collisions)

Main Idea
Problem can be reduced to pebbles-on-a-graph[2]

13



Homogeneous planning: Pebbles on a graph reduction

ˆ Assume we have a homogeneous team ofM robots

ˆ Let XC = X � X � � � � � X (M times) be the composite state space
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Homogeneous Planning

Example of pebbles on a graph in 2D
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Homogeneous planning: Pebbles on a graph reduction
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Homogeneous planning: Pebbles on a graph reduction

Pebbles-on-a-graph Problem

Move M pebbles on a graph from a start arrangement to a goal arrangement. Pebbles
are not allowed to collide.

see e.g. Kornhauser, "Coordinating Pebble Motion on Graphs" (1984)[3]
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Homogeneous Planning

Theory of pebbles on a graph
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Homogeneous planning: Pebbles on a graph reduction

Let XC = X � : : : � X be a homogeneous planning problem forM robots with M
start/goal pairs (x1

I ; x1
G); : : : ; (xM

I ; xM
G ).

Pebbles-on-a-graph reduction

ˆ Create asingleroadmapG on X.

ˆ Add start/goal pair vertices toX and connect toG

ˆ Solve this simultaneously while taking robot-robot collisions into account.
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Homogeneous planning: Pebbles on a graph reduction

Pebbles-on-a-graph

Let G = ( V ; E) be a graph onX . Let us assume that there areM pebbles (or
agents), which start at verticess1; : : : ; sM (start arrangement) and need to go to vertices
g1; : : : ; gM (goal arrangement).[3]

Approaches to pebbles-on-a-graph

ˆ Push and Swap[4]

ˆ Integer Linear Programming[5]

ˆ Con
ict-based search[6]
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Homogeneous Planning

Con
ict-based search
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Homogeneous planning: Solving pebbles on a graph

Con
ict-based search I
ˆ Assume each pebble has two moves

ˆ Wait at current vertex

ˆ Move to adjacent vertex

ˆ Goal: Find set of moves to reach goal arrangement.
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Homogeneous planning: Solving pebbles on a graph

Con
ict-based search II
ˆ Key idea: Resolve collisions one-by-one

ˆ First, plan for each pebble individually

ˆ Second, resolve collisions
ˆ Assume pebbles A,B collide at timeT at vertexV
ˆ Add collision constraints to problem
ˆ Either (1) A should not beV at time T
ˆ Or (2) B should not beV at time T
ˆ This creates aconstraint tree
ˆ Pick next entry based on "Best cost" and "First collision �rst" tie-breaker.
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Homogeneous planning: Solving pebbles on a graph

Constraint Tree Example
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Homogeneous planning: Solving pebbles on a graph

Constraint Tree Example
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Optimality

Theorem
Con
ict-based search returns the optimal solution.

Proof
Part 1: Proof that no valid paths are removed by
con
ict resolution.
Part 2: Proof that a goal node path has the lowest
cost.
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Optimality

Theorem
Con
ict-based search returns the optimal solution.

Proof

Best-�rst search with open nodes (grey), closed nodes (white), and goal nodes (G).
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Optimality

Theorem
Con
ict-based search returns the optimal solution.

Proof I: No valid paths are removed by con
ict resolution.

Let N be a node in the constraint tree, andCV(N)
be all valid and consistent paths atN.
(1) If we add a constraint atN, we split into nodes
N1, N2.
(2) A valid path needs to be either inN1 or in N2

or it is invalid.
(3) Therefore,CV(N) is split into CV(N1) and
CV(N2) (a valid path is either inN1 or in N2).
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Optimality

Theorem
Con
ict-based search returns the optimal solution.

Proof II: A goal node path has the lowest cost.

(1) Let us assume that we reached a goal nodeG
with cost c(G).
(2) Let p be an arbitrary valid path. Thenp must
be in an open nodeN. Then it is lower bounded by
the best cost atN, i.e. c(N(p)) � c(p).
(3) Since we used best-�rst search, the cost atG is
the lowest of all open nodes. Therefore

c(G) � c(N(p)) � c(p)
28



Homogeneous multi-robot planning

Example of 32 drones on composite state spaceR192.
Using homogeneous multi-robot planning: Computation time is 50s (roadmap genera-
tion on R6) plus 0:8s (con
ict annotation) plus 0:5s (con
ict-based search) plus 6:5s
(optimization) [7]
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Homogeneous multi-robot planning
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Non-Homogeneous Multi-robot
Motion Planning



Non-homogeneous planning
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Non-Homogeneous Multi-Robot Planning

ˆ All state spaces di�er

ˆ No easy reduction possible

ˆ Can usually not e�ciently be solved in composite state space
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Non-Homogeneous Multi-Robot Planning

Main approaches

ˆ Prioritized (also greedy, or "vertical")

ˆ Decomposition (also "horizontal")
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Prioritized Multi-Robot Motion
Planning



Non-Homogeneous Multi-Robot Planning: Prioritized
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Non-Homogeneous Multi-Robot Planning

ˆ Let X = Y � Z be the composite state space.

ˆ Prioritized planning: Find path onY , then use this as a constraint onX

ˆ Constraint can be modelled as apath restrictions.
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Non-Homogeneous Multi-Robot Planning

Consider two 1-d robots with state spaceS1 (the circle).
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Non-Homogeneous Multi-Robot Planning

Consider two 1-d robots with state spaceS1 (the circle).
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Non-Homogeneous Multi-Robot Planning

Composite state space is the torusT 2.
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Non-Homogeneous Multi-Robot Planning

Prioritized planning can be seen as projectionT 2 down to S1.
A path on S1 induces a path restriction onT 2.
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Non-Homogeneous Multi-Robot Planning

Composite State Space

Let X = Y � Z be the (composite) state space.

Projection

A projection � : X ! Y is a mapping fromX to Y . Example:� T 2 : (� 1; � 2) ! (� 1)

Base space

Given a projection� : X ! Y , we callY the base space.
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Non-Homogeneous Multi-Robot Planning

Restriction
Let X = Y � Z and � : X ! Y be a
projection.
Given a subsetU of Y , we call

� � 1(U) = f x 2 X j � (x) 2 Ug (1)

a restriction.

Path Restriction

Let p : [0; 1] ! Y be a path with image
U = p([0; 1]) � Y .
Then � � 1(U) is called thepath restriction.
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Non-Homogeneous Multi-Robot Planning

Restriction sampling

Let � T 2 : (� 1; � 2) ! (� 1) be the projection
� : T 2 ! S1, and p be a path onS1.
Restriction sampling:

1. Sample an elementy in p([0; 1]).

2. Sample an element of� � 1(y)
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Non-Homogeneous Multi-Robot Planning

Guarantees
Probabilistic completeness?
Asymptotic optimality?
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Non-Homogeneous Multi-Robot Planning

Probabilistic completeness and asymptotic
optimality is possible. Requires two
changes.

ˆ Replace path restriction sampling
with graph restriction sampling

ˆ Continue sampling on base space(s).

A Orthey, S Akbar, M Toussaint, "Multilevel Motion Planning: A Fiber Bundle Formulation", IJRR,
2023 [8]
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Non-Homogeneous Multi-Robot Planning

GreedyPrioritizedPlanner( xI , XG, X1; : : : ; XK )

1. For k = 1 to K do

2. While not terminated (Xk )

3. Grow(Xk )

4. pk = GetPath(Xk )

5. SetPathRestriction(pk , Xk+1 )
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Non-Homogeneous Multi-Robot Planning

PrioritizedPlanner( xI , XG, X1; : : : ; XK )

1. Q  ; (priority queue)

2. For k = 1 to K do

3. Q.push(Xk )

4. While not terminated (Xk )

5. Xselect  Q:pop()

6. Grow(Xselect)

7. Q.push(Xselect)

A Orthey, M Toussaint, "Rapidly-Exploring Quotient-Space Trees: Motion Planning using Sequential
Simpli�cations", ISRR, 2019 [Orthey2019ISRR]
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Non-Homogeneous Multi-Robot Planning

Advantages of Prioritized Planning

ˆ Paths/graphs on base space as necessary condition on solution (same principle as
admissible heuristics/A*)

ˆ Fast if robots are near-decomposable (robot-robot collisions are rare)

Disadvantages of Prioritized Planning

ˆ Ordering of robots needs to be provided

ˆ Unclear which spaces to grow �rst
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Decomposed Multi-Robot Motion
Planning



Non-Homogeneous Multi-Robot Planning: Decomposed
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Non-Homogeneous Multi-Robot Planning: Decomposed
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Non-Homogeneous Multi-Robot Planning: Decomposed

Intersection of path restrictions

ˆ Let X = Y � Z be the composite state space.

ˆ Decomposed planning: Use projections� Y : X ! Y and � Z : X ! Z .

ˆ Find path p1 on Y , and �nd path p2 on Z.

ˆ Compute path restrictionsR1 = � � 1
Y (p1) and R1 = � � 1

Z (p2).

ˆ De�ne motion planning problem in intersectionXR = R1 \ R2.
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Non-Homogeneous Multi-Robot Planning: Decomposed

Example: Path restrictions onT 2 = S1
1 � S1

2 with � 1 : T 2 ! S1
1 , and � 2 : T 2 ! S1

2 .
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Non-Homogeneous Multi-Robot Planning: Decomposed
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Non-Homogeneous Multi-Robot Planning: Decomposed

Intersection of path restrictions

ˆ Intersection of path restrictions is equivalent to space of path reparameterizations
(s : [0; T ] ! [0; 1]).

ˆ Finding a path over this intersection is calledpath coordination[9]

Is this optimal?
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Non-Homogeneous Multi-Robot Planning: Decomposed

Adding completeness:
Replace path restriction with graph restric-
tion.
) Graph coordination
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Non-Homogeneous Multi-Robot Planning: Decomposed

Decomposed planning

ˆ Step 1: Compute individual graphs on component state spaces

ˆ Step 2: Consider the (implicit) product of graphs on the composite state space

ˆ Step 3: Expand edges by optimistically follow shortest paths on the component
state spaces

ˆ Step 4: If con
icts arise, backtrack around con
ict areas
ˆ M*: Using cost-to-go estimate[10]

ˆ dRRT/dRRT*: Using directional oracle[11]
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M*



Non-Homogeneous Multi-Robot Planning: Decomposed

Con
ict-resolution in graph coordination

M* works like A*, using as admissible heuristic the cost-to-go of individual spaces
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Non-Homogeneous Multi-Robot Planning: Decomposed
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Non-Homogeneous Multi-Robot Planning: Decomposed
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Non-Homogeneous Multi-Robot Planning: Decomposed

M*

M* is e�cient, because it optimistically exploits implicit graph.

ˆ Individual shortest paths are admissible heuristics from individual robots.

ˆ M* combines those admissible heuristics in an optimal way

Drawback: Ine�cient for higher dimensions (number of neighbors grows exponentially)
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Discrete RRT (dRRT)



Non-Homogeneous Multi-Robot Planning: Decomposed

dRRT

Discrete-RRT (dRRT) works like M*, but uses an oracle function to pick best neighbor

ˆ Oracle works for euclidean spaces, i.e. planning inRn.

ˆ Oracle gives you a faster (approximate) ordering of neighbors
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Non-Homogeneous Multi-Robot Planning: Decomposed
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Non-Homogeneous Multi-Robot Planning: Decomposed
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Non-Homogeneous Multi-Robot Planning: Decomposed
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Non-Homogeneous Multi-Robot Planning: Decomposed

66




	Homogeneous Planning
	Example of pebbles on a graph in 2D
	Theory of pebbles on a graph
	Conflict-based search

	Non-Homogeneous Multi-robot Motion Planning
	Prioritized Multi-Robot Motion Planning
	Decomposed Multi-Robot Motion Planning
	M*
	Discrete RRT (dRRT)
	Summary multi-robot approaches
	Planning with Manifold Constraints
	Zero-measure sets
	Planning with zero-measure sets
	BSc/MSc Theses Opportunities
	Appendix

